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Abstract 

A family of simply solvable covariant quark models for the baryons is presented. With 
optimal parameter choices the models reproduce the empirical spectra of the baryons in all 
flavor sectors to an accuracy of a few percent. Complete spectra are obtained for all states 
of the strange, charm and beauty hyperons with L < 2. The magnetic moments and axial 
coupling constants of the ground state baryons correspond to those of conventional quark 
models. We construct current- density operators that are consistent with empirical nucleon 
form factors at low and medium energies. 







1. Introduction 



A theoretically consistent description of the baryons based on the concept of constituent 
quark should build in confinement and Poincare invariance from the beginning. Confinement 
is an obvious consequence of the unbounded discrete mass spectrum. The requirements 
of Poincare invariance for the mass operator are easily met by explicit construction: The 
Hilbert space of states Ti is the tensor product, TL = He x 7~Ci, of functions representing 
the center-of-mass motions with the "little Hilbert space" [ij which is the representation 
space of the "little group" . The eigenfunctions of the four-momentum obtained with such a 
mass operator depend on a choice of boosts and kinematic variables. These eigenfunctions are 
related to observables only in combination with a corresponding representation of the current 
density operators. The construction of a Poincare covariant quark model of the baryons thus 
involves both the construction of a mass operator with appropriate spectral properties and 
the construction of Poincare covariant current density operators. For confined quarks the 
conventional assumption of a free-quark density is not compelling at low energies. . Giving 
up that assumption greatly facilitates the construction of simple phenomenological current 
operators that satisfy all symmetry requirements. In this context instant-form kinematics 
appears to have two principal virtues: (i) It allows recovery of the familiar features of 
conventional quark models. In particular it facilitates implementation of the physical notion 
of "impulse" currents, (ii) It arises naturally when quantum mechanical models are derived 
from Euclidean Green functions. 

Here we consider confining mass operators which provide satisfactory descriptions of the 
baryon spectrum in all flavor generations. The mass operators considered are sums of a 
confining term, which depends only on the Jacobi coordinates of the 3-quark system, and a 
flavor and spin dependent hyperfine correction. The former provides the basic shell structure 
of the spectrum and is readily diagonalized by means of hyper-spherical harmonics Q. The 
latter is built on the observation that a superior description of the baryon spectrum in all 
flavor generations may be achieved by assuming that the main hyperfine correction should 
have the flavor-spin structure -J2i<j 4 ^j&i ' which e.g. is suggested by the short range 
part of the Goldstone boson exchange interaction between the constituent quarks 

The aim of this work is to provide a class of simple models that can account for all states in 
the 5*, P and SD -shells of the baryon spectra in all flavor generations. The parameter values 
in the models are extracted from the lowest splittings in the spectra of the successive flavor 
generations. The motivation for this work is the rapid progress in experimental determination 
of the low lying levels in the C = +1 charm hyperon spectra, and the parallel - if somewhat 
slower - progress in the case of the corresponding B — — 1 hyperon states. We also give 
energy levels for the C = 2, 3 hyperons, which are mainly determined by the spin- and flavor 
independent mass operator with only small hyperfine corrections. These spectra should give 
fairly direct information on the effective quark confining interaction. 

Quark currents consistent with the covariance conditions, lead to values for the magnetic 
moments and axial coupling constants of the ground state baryons similar to those obtained 
by conventional quark models. The 3-quark wave functions that yield satisfactory baryon 
spectra have small radii. These models therefore require significant quark-charge distribu- 
tions to account for the observed nucleon form factors. With appropriate quark-charge and 
current distributions the model current operators are consistent with observed nucleon form 
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factors at low and medium energies. Applications to transitions are beyond the scope of the 
present paper. 

This paper is divided into 8 sections. In section 2 we describe the model mass operator 
and the parameter choices. In section 3 we derive nucleon form factors as well as magnetic 
moments and axial coupling constants of the ground-state baryons. The current operators 
used are consistent with the Poincare representation specified by the mass operator and 
with instant-form kinematics. The spectra of the nucleon and A-resonances are described 
in section 4, the spectra of the strange hyperons in section 5. Sections 6 and 7 contain 
predictions for the charm and beauty hyperons respectively. Section 8 contains a summary. 

2. The Mass operator 

2.1 The Hilbert Space of 3-Quark States 

The states in the baryon spectrum are described by vectors in the little Hilbert space 
He, which is the representation space of the direct product of the little group, SU(2), with 
flavor and color SU(3). Concretely these states are realized by functions, 0, of three quark 
positions fj, three spin variables pi and three flavor variables fi, which are symmetric under 
permutations and invariant under translations f, \ — > f. \ + a. The translational invariance is 
realized by expressing the wave functions in terms of Jacobi coordinates 

Representations of the full Poincare group obtain on the tensor product, H := <E> H c , 
of the little Hilbert space Tii with the Hilbert space 7i c of functions of the four- velocity v, 
which is specified by 3 independent components. Translations are generated by the four- 
momentum operator P = Aiv. Any confining self-adjoint mass operator Ai, independent of 
v, satisfies all relativistic symmetry requirements if it is invariant under rotations. At the 
level of spectroscopy alone there is no difference between relativistic and nonrelativistic quark 
models because the Galilean rest energy operator satisfies all the symmetry requirements of 
a mass operator. 

The Poincare invariant inner product of the functions representing baryon states is defined 

as 

*) = / d 4 v25(v 2 + 1) 9(v°) I d 3 n I d 3 k\^(v, k, £)| 2 , (2.2) 

where k and k are the momenta conjugate to p and r . Summation over spin and flavor 
variables is implied. Under Lorentz transformations v — > Av the vectors k and k and the 
three quark spin variables pi, P2, P3 undergo Wigner rotations Rw(A, v): 

R w (A,v) ■= B-\Av)AB(v) . (2.3) 

Note that with canonical boosts, Rw(A v , v) — 1, for any rotationless Lorentz transformation 
A v in the direction of v. 

For the construction of quark currents it is convenient to define internal four-momenta p 
and q by 

p:=B(v){0,n}, q:=B(v){0,k}, (2.4) 
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so that p 2 = \k\ 2 and q 2 = \k\ 2 . 

The construction of unitary representations of the Poincare group sketched here naturally 
leads to point-form kinematics. Once the eigenf unctions of the mass operator are known, 
it is easy to realize unitary transformations to other forms of kinematics explicitly ||. Let 
^ n (v, k, k) be eigenfunctions of Ai, with eigenvalues M n . Any state $ = J2 n ^nC n can be 
represented by functions ty(P,p,q) normalized as 

= J d 3 P J d 3 p J d 3 q\ty(P,p,q)\ 2 . (2.5). 

This representation is used below to calculate magnetic moments and axial coupling con- 
stants. The unitary transformation *&(v, k, k) — > ^{P, p, q) is specified by the variable trans- 
formation {v,k, k,n} — > {P, p, q, n} where p = p(v,k) and q = q(v,k) are specified by eq. 
(2.5) and P = M n v in each term of the sum over n. Individual quark momenta are defined 

by ' 

&=l p+ fr> (2 - 6) 

so that P = P1+P2+ f>3- 



2.2. The Confining Mass Operator 
We shall consider the confining mass operators of the form 



M = \/3{k 2 + & + f(R)} + )C, (2.7) 

where R, 



R:=p(r> + I?) . (2.8) 
is the radius of a 6-dimensional hyper-sphere, and the operator JC 

JC:=n s A 2 s + n c A 2 c + n B A 2 B , (2.9) 

represents the flavor dependence. The integers ns, nc and ub are flavor quantum numbers 
of strangeness, charm and beauty. The parameters Aj represent the flavor dependence of 
the ground-state baryon masses. Mass operators of the form (2.7) satisfy all symmetry 
requirements and are easily diagonalized by means of hyper-spherical harmonics. [|] 

It is convenient to express the magnitudes r and p as functions of the radius R and the 
auxiliary variable z, 

(2-10) 
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so that 

r = | v / m, p=|v / T^. (2.11) 
The eigenfunctions, <p(r,p), of the mass operator A4 are products, 

(j>(r,p)=u nK (R)y K (2.12) 

of radial functions u nK (R) and the hyper-spherical harmonics 

= ^(r) ® ^(^1^(1 + z)' l/2 (l - ^) <8/2 i^ 1+ ^ a+ ^) , (2.13) 

where = 2v> + t\ + £2 and P v is a Jacobi polynomial. The functions u n K(R) are solutions 
to the radial equation 

u nK {R) = e 2 nK u nK (R), (2.14) 

where C = K + | is the orbital angular momentum and n is the number of nodes in the 
radial wave function. The normalization condition for the radial functions u h k{R) are 

— j o dRR 5 u 2 nK (R) = 1. (2.15) 

The eigenvalues of the mass operator Mo are then 

£0 = sf^K + K. (2.16) 
In the following we consider two models for the function f(R) in (2.7): 

M) = y r2 > 

and 

f2(R)=~ + bR. 

The oscillator model (2.17) yields wave functions that are Gaussian in the 
the lowest three eigenvalues 

e 00 = Vl8uj, e i = V24uj, e w = e 02 = VsOuj. (2.19) 

The "funnel" model (2.18) yields wave functions that are more sharply peaked at small R 
and flatter than Gaussians at large R. It yields a better spectrum than the oscillator model 
since it splits the SD shell in the baryon spectrum, which is degenerate in the oscillator 
model. For the funnel model he dependence of the eigenvalues on the parameters a and b 
must be determined numerically. The ground state wave functions of these two models are 
shown in in Fig. 1 for the parameters chosen in Section 4.1. 

There is, of course, a wide variety of other possibilities for the confining function f(R). 
A version intermediate between the oscillator and the funnel may be obtained by replacing 
the linear powers of R in (2.18) by R 2 in both terms. That function yields energy levels 
between those of the oscillator and funnel models. 



(2.17) 

(2.18) 
radius R, with 
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2.3 The Hyperfine Mass Splitting 



The baryon spectrum in the light flavor sectors is complicated by the fact that it requires 
hyperfine splitting sufficiently strong to mix up the shell structure of the confining well. The 
clearest manifestation of this is the positive parity of the 7V(1440) and the A(1600) which are 
the lowest excited states of the nucleon and the A(1232) respectively. A principal advantage 
of the study of heavy flavor hyperons is a spectrum presumably less sensitive to the hyperfine 
interaction, and thus easier to interpret. 

We consider the following phenomenological model for the hyperfine interaction: 

M' = {1 - A[(fx kf + (p x k) 2 ]}H x , (2.20) 
where H x is the following flavor-spin operator: 

H x = - eIE c\<t\« + £ CsX^ + f: c c \^ + £ CscKy 

i<j ^a=l a=4 a=9 a=13 

19 21 . 

+ £ C b A«A; + £ C SB K\) ■ a r (2.21) 

a=16 a=20 ' 

The matrices A" are 577(5) representations - extensions of the SU(3) Gell-Mann matrices. 
The parameters C, C$, Cc, Csc, Cb and Csb must be determined by the empirical spectrum. 
The angular momentum dependent term in eq. (2.13) is motivated by the substantial empir- 
ical splitting of the SD-shell in the light flavor sector (cf. the splitting between the 7V(1440) 
and the 77(1720) - 77(1680) multiplet). 

Since the contributions M.q and M.' commute, the eigenvalues of the combined mass 
operator M + M! are additive, that is 

S = S + c , (2.22) 

where c is an eigenvalue of M.' . The hyperfine correction c depends on the orbital angular 
momentum of the 3 quark state and on the symmetry character of the spin-flavor part of 
the wave function. 

If the hyperfine term (2.20) is viewed as an effective representation of pseudoscalar ex- 
change mechanisms between quarks, the matrix elements C represent tt, and the matrix 
elements C$, K and r\ meson exchange. The matrix elements Cq and Csc would represent 
D and D s exchange mechanisms respectively and correspondingly the matrix elements Cb 
and Csb would represent B and B s exchange mechanisms. Because of the near degener- 
acy between the heavy flavor pseudoscalar and vector mesons, the matrix elements C,s and 
Cb should be viewed as representing both heavy flavor pseudoscalar and vector exchange 
mechanisms. The terms a = 15 and a = 22 have been left out from the sums in the hy- 
perfine interaction (2.20), because they would represent hidden heavy flavor r] C ,J/ip and 
t)b, T exchange mechanisms that should be far weaker than the corresponding heavy flavor 
pseudoscalar and vector exchange mechanisms, because of the much larger cc and bb masses. 
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3. The Current Operator 



3.1 Covariance Conditions 

The quark current density operators I^(x) have to satisfy the covariance conditions 

U^{K)I»{x)U{K) = A» u r{AT l x) , (3.1) 
for arbitrary Lorentz transformations A, and 

e ip - a I»(x)e- p - a = I"(x + a) . (3.2) 
for space time translations. Current conservation requires that 

[P„,r(0)] = 0. (3.3) 



Let \M, P,j,a,r,( > be eigenstates of the four momentum operator P = {y P 2 + M 2 ,P} 
and the canonical spin, where a is an eigenvalue of j z and £ = ±1 is the intrinsic parity. 
Lorentz invariant form factors are matrix elements of the form 

< «/, r', a', f, P', M'\I»(0)\M, P, j, a, r, k >, (3.4) 

Because of the covariance of the current operator and the basis states only matrix elements 
with P' = —P = Q/2 are required, and thus the initial and final states are related kinemat- 
ically. Note that Q 2 : 

n 2 -n 2 + ( M/2 ~ M2 ) 2 
* -V + Q 2 + 2{M' 2 + M 2 Y 

is Lorentz invariant. We may assume, without loss of generality, that the z-axis is in the 

— * 

direction of Q. 

The current conservation condition (3.3) is then expressed in the form 



AM 2 . . 

1 + -7=,P(0) 



h(0) = 0. (3.6) 



where the Lorentz invariant charge and longitudinal current density operators p(0) and iz,(0) 
are defined as 

1 



p(0) := -{M-'P,, HO)}, 2 h(0) :=Q-I+[y/Q 2 /4 + M 2 , p(0)] (3.7) 

Matrix elements < f\I^(0)\a > of the current density are then related to the wave functions 
and current kernels by by 

< /|/"(o)|i >= J dV J dW J dW I d 3 Pl I d 3 P2 1 d 3 p 3 

x^ 1 ',A',A')(ft',A/,A'inO)|ft,A,A)*a(ft,A,ft). (3-8) 



Elastic electric and magnetic form factors, Ge(Q 2 ) and Gm{Q 2 ) are defined by 

Ge(Q 2 ) ■= ^r^E0>,<?/2|p(0)| -Q/2,j,a) , (3.9a) 

Gm(Q 2 ) = ^E(-)'" ff 0'>J'X>-^|l>l)0'y>Q/2|/x(0)+i/ 1 ,(0)| -Q/2,j,a) , (3.96) 

<7',<7 

where 77 := XCQ 2 / 'Am 2 and m p is the proton mass. Magnetic moments, expressed in terms 
of nuclear magnetons, are equal to the magnetic form factors at Q 2 = 0. 



3.2 Impulse Currents 

Impulse currents may be defined by kernels of the charge and transverse currents, 
(Pi',P2',P3'\p\P3,P2,Pi) = (Pi'\Pi\Pi)S {3) (p 2 ' -P2)^ ] W ~Ps) 

HP2'\p2\P2)^\n' -n)^\pi' -pi) 

+ (P31P3|P3)5 (3) (P1 / -P1)^ 3) (P2 , -P 2 ). (3.10) 

and 

(Pl',P2',P3V±\P3,P2,Pl) = (Pl'\I±,l\Pl)S (3) (p 2 ' -P2)S (3) (P3' -p 3 ) 
+ (P2 , |/±,2b"' 2 )5 (3) (P3 , -P 3 )5 (3) (P1' "Pi) 

+ (p3 , |/± 1 3|^)* (3) (pi , -Pl)5 (3) (^'-^). (3.11) 

Because of the complete antisymmetry of the baryon wave functions it is sufficient to 
consider the current matrix elements of only one constituent, e.g. % — 3. 

The simplest model for the electromagnetic current density for the light and strange 
baryons, which matches the features of conventional quark models, is specified by kernels 

— * — * 

{Pi f \I\pi) that depend on the momentum transfer p^' —pi = Q, the spin and flavor variables, 
but do not depend on pi ' + fy. That is 



(Pi'lpiWi) 



\xfhiQ 2 ) + ^ ] fs(Q 2 ) 



1 . 



(3.12) 



(Pi'\I±i\Pi) = i 



a i x Q \ 2 1 



2m 7 , 



3 + 7S A8 . 



+^ 



,<7j X Q f 1 



2m „ 



1 

7s 



A 8 



l^93(Q 2 ) + ^ ) 9s(Q 2 ) 



(3.13) 



The functions fz{Q 2 ), fs{Q 2 ) and g% {Q 2 ), QsiQ 2 ) represent charge and magnetization dis- 
tributions of the constituent quark. The scale factors m u = and m s represent quark 
masses. 

A straightforward extension to include the charm and beauty is achieved by adding terms 
of the form 



1 



fc(Q 2 )[i - V6A$] - y B (Q 2 )[i - Viox 



15' 



Mi 
22 J 



(3.14) 



to the quark charge operators. 



3.3 The Form Factors of the Nucleons. 



The charge density operator (3.12) yields the following expressions for the electric form 
factors of the proton and neutron. 

GUQ 2 ) = \\HQ 2 ) + HQ 2 )]f (Q 2 ) , 

G'e(Q 2 ) = \[h&) - HQ 2 )]F (Q 2 ) . (3.15) 

The function F (Q 2 ) is related to the ground-state wave function u 0(R) by the Fourier- 
Bessel transform 

F °^ 2 ) := Tarvi / dRR 3 J 2 (QR)u 2 00 (R) , (3.16) 
1QQ 2 Jo 

where the variable Q is defined as 



Q:= 



\ 



Q2 . (3.17) 



1 + T^7 



The normalization of the wave function implies -Fo(O) = 1. From G P E (0) = 1 and G^(0) = 
it follows that / 3 (0) = / 8 (0) = 1. 

The proton charge radius obtains as 



dQ 2 J q2— o \ dQ 2 ) q2—q 2 y dQ 2 dQ 2 /q2_q 

= 7^1 dRR 7 ul (R) + -(<rl> + <rl>). (3.18) 

Here < r| > and < r\ > may be interpreted as mean square isoscalar and isovector quark 
charge radii respectively. 

Assuming point-quark charges, f% — fg — 1, is manifestly inadequate as the wave func- 
tions for both the oscillator or the funnel model yield much too small proton charge radii, 
and form factors that are too large for all values of the momentum transfer. This defect is 
cured by assuming appropriate quark-charge distributions. 

Observed values of the e charge form factors of proton and neutron can can be reproduced 
with the funnel model assuming 

f(Q 2 ) == \[HQ 2 ) + HQ 2 )] = - l IK2 , (3.19a) 



and 



\\HQ 2 ) - HQ 2 )] = Q2fm • (3.1%) 

2 4A 2 yjl + 7Q 2 /4A 2 



The value A = .7 GeV is d esigned to fit the proton charge radius. The corresponding 
quark-charge radius is J (r|) ~ .7 fm. The slope of G%(Q 2 ) at Q 2 = 

dG n JQ 2 ) 1^2 / 

is equal to the observed value 0, ||. The Q 2 dependence of the proton charge form factor 
is illustrated in Fig. 2a in comparison with the data tabulated in ref.0. We also show 
the charge form factors calculated with point-quark charge distributions, f 3 = f 8 = 1, and 
with the wave functions of the oscillator and funnel models, The potential parameter are 
determined by the mass spectra in Sec. 4 below. Fig. 2b illustrates the Q 2 dependence of 
the neutron charge form factor together with and empirical fit ||, which is consistent with 
more recent data||T0| . 

From the current density operator (3.13) it follows that the magnetic form factors of the 
nucleons depend on the the quark structure and the wave functions according to 

G p M (Q 2 ) = ^[9s(Q 2 ) + 5g 3 (Q 2 )]F (Q 2 ) , 



'■a 



777 

G n M (Q 2 ) = ^-MQ 2 ) - 593(Q 2 )]Fo(Q 2 ) ■ (3.2i; 



'a 



Since the nucleon magnetic form factors can be approximated by the proton electric form 
factor multiplied with the magnetic moments || we choose m u = .336 GeV to fit the magnetic 
moment of the proton with g$(0) + 5^(0) = 1. Magnetic form factors with the correct order 
of magnitude obtain with g%{Q 2 ) = gz{Q 2 ) = f{Q 2 )- A reasonable representation of the 
magnetic form factors of the nucleons is achieved by 

g 8 (Q*) = , g 3 (Q 2 ) = V* {3 22) 

1+Q71.3A 2 1 + Q 2 /1.3A 2 

with /ig = .95 and ^3 = 1.01. In Fig. 3 we show the magnetic form factors of the funnel 
model in comparison with the empirical fit of ref. ||. 



3.4 Magnetic Moments and Axial Coupling Constants of the Ground State Baryons 

The magnetic moments that are obtained from the current operator (3.13) are the usual 
linear combinations of proton to quark mass ratios listed in the Table 1 along with the 
corresponding empirical values [0, |12| for the nucleons and the strange hyperons. The 
strange scale factor m s is determined by the magnetic moments of the Q~ to be m s = .465 
GeV. The corresponding expressions for the magnetic moments of the heavy flavor baryons 
are given eq. in refs. R O. 



A model for the axial current density, which corresponds to that of the vector current 
(3.13) is 

MQ) = 9 9 A^r°i ■ (3-23) 

Here g q A represents the axial coupling constant for a single constituent quark. This model 
for the axial current leads to the same results as the conventional quark model for the g^j 'gv 
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ratios of the nucleons and the strange hyperons (Table 2). In the conventional representation 
of the gA/ ' 9v ratios for the hyperon decays in terms of D and F coefficients, these take their 
usual quark model values 

D = l, F=l. (3.24) 

Agreement of this model with the empirical value for the axial vector coupling for neutron 
decay requires the value g q A = 0.76. 



4. The Spectra of the Nucleon and the A resonances 

The spectra of the nucleon and the A resonances depend on the choice of the parameters 
C, Cs and A in the hyperfine interaction (2.20). The expressions for these hyperfine shifts 
of the states in the S, P, and SD shells of these spectra are listed in Table 3, where we 
have employed the symmetry assignments of ref. ||. The real values of the empirical pole 
positions of the known resonances given in ref. [|TTJ have also been listed in Table 3. 



With the parameter values a = 5.66 fm 1 and b = 6.09 fm 3 in the mass operator model 
(2.18) and with the parameter values C = 28 MeV, C s = 19 MeV and A = 0.22 in the 
hyperfine term (2.21) we obtain very satisfactory energies for all the known states. The 
eigenvalues e n x determined by the first two of these values are 

e 00 = 1340MeV, e i = 1652MeV, e w = 1777MeV, e 02 = 1867MeV. (4.1) 

The same value for eoo obtains for the oscillator model (2.17) with uj = 316 MeV. The ground 
state wave functions plotted in Fig. 1 have been calculated with these parameter values. 

The value for Cs is directly determined by the empirical mass splitting between the £ 
and £(1385) hyperons (cf. Table 5 and section 5.1 below): 

m[E(1385)] - m[E] = 10C 5 , (4.2) 

The value for the parameter C is then chosen so as to obtain agreement with the empirical 
NA splitting (Table 3): 

m[A(1232)] - m[N] = 12C - 2C S - (4.3) 

Finally the value for the parameter A is chosen so as to obtain agreement with the splitting 
between the SD shell multiplets JV(1440) and iV(1720) - iV(1680) multiplets. 

The calculated resonance energies in Table 3 agree with the empirical pole positions of 
the known states to within 2 % in most cases. A number of the still missing states have been 
identified in recent phase shift analyses. The | member of the L = 2 A multiplet near 
1750 MeV has been located in ref. Jl4| at 1754 MeV. In that analysis a P13 state has also 
been located at 1879 MeV: this corresponds well to the L = nucleon resonance predicted 
at 1881 MeV. The additional Pu resonance predicted at 1916 MeV may be related to the 



additional, if somewhat lower lying P n resonance found in the phase shift analysis |T5 . 
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5. The Strange Hyperons 

5.1 The A and E spectra 

The parameter values above may be employed directly to the spectrum of the strange 
S — —1 hyperons. The only additional parameter required is the mass parameter As in (2.9). 
With As = 587 MeV and the confining potential (2.18) the spectrum of the A -hyperon is 
obtained satisfactorily as shown in Table 4. The one missing feature is the large spin-orbit 
splitting of the A(1405) — A(1520) multiplet, which is expected to have an anomalously large 
KN -admixture jyj. The peculiar aspect of this flavor singlet multiplet is brought out by the 
fact that it is the only P-shell baryon multiplet for which the empirical spin-orbit splitting 
is not consistent with zero. 

The quality of the A spectrum is similar to that of ref. ||. The good agreement be- 
tween the calculated and the empirical spectra lends credence to the quantum number and 
symmetry assignments made in Table 4. Note that one 3/2~ state in the P shell of the A 
spectrum near 1800 MeV remains to be found experimentally. This state would correspond 
to the iV(1700) resonance in the nucleon spectrum. 

The still uncertain quantum number assignments in the empirical E hyperon spectrum 
rule out a definite assessment of the quality of the predicted E spectrum shown in Table 
5, which was obtained with the same parameter values as the A spectrum in Table 4. The 
energies of low lying well established positive parity E resonances E(1385) and E(1660) and 
the negative parity E(1775) and E(1915) resonances are however in satisfactory agreement 
with the empirical energies. 

The calculated spectrum in Table 5 suggests that the E(1840) be the S = —1 analog of 
the A(1600) breathing resonance. The absence of low lying E resonances in the predicted 
spectrum also suggests that the unassigned and unconfirmed E(1480) and E(1560) states may 
turn out to be spurious. The experimental information on the P shell of the E spectrum is 
still incomplete: both a 1/2" and a 3/2" state are still missing. 

The interpretation of the E hyperon spectrum is complicated by the appearance of 2 
negative parity resonances - the E(1940) and the E(2000) - that belong to the PF shell in 
the vicinity of 2 GeV. In the spectrum of the A the corresponding PF shell resonances lie 
at higher energies (e.g. the A(2100), 7/2~ resonance). In the nucleon spectrum the PF shell 
also begins at correspondingly higher excitation (eg. the V(2080),3/2~ resonance). 



5.2 The 2 spectrum 

The spectrum of the S = — 2 5 hyperon is given in Table 6. In the absence of empirical 
assignments for the excited 2 states we have only indicated those of the well established 5, 
H(1530) and H(1820) states. The energies of these states are in good agreement with the 



corresponding empirical values. The recent discovery of a state at 1690 MeV [|17] agrees well 
with the predicted 1/2+ state at 1695 MeV. This state is the S = -2 analog of the JV(1440), 
A(1600) and the E(1660). 

The presently known empirical 2 spectrum contains candidates for many states of the 
present model in Table 6. The calculated energies are close to those predicted in ref. [§]. 
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5.3 The f2 spectrum 



In the present model the structure of the the f2~ spectrum is similar to that of the 
A resonance. The spectrum in Table 7 has 3 positive parity multiplets with energies in 
the region 2.1 - 2.2 GeV. The empirical fi~(2250) very likely corresponds to one of these. 
The empirical fi~(2380) may also be a positive parity resonance in the S'D-shell, but the 
f2~(2470) resonance is probably a negative parity resonance in the PF shell. 

As the mass of the Q~ differs by 66 MeV (i.e. by ~ 4%) from its experimental value that 
amount should be added to the energies of the fl~ resonances. With that shift all the excited 
states of the Q~ lie above 2 GeV. This also suggests the two highest D-shell resonances in 
Table 7 may be interpreted as the 0(2380)^ and the O(2250)~ respectively. 

With the model (2.20)-(2.21) for the hyperfme interaction the baryon mass spectra satisfy 
the same relations as the model in ref. ||, e.g. the relations 

3 

m[A(1232)] - m[N] = m[£(1385)] + -(m[E] - m[A]), 

ra[£(1385)] - m[£] = m[H(1530)] - rn[E), 

-{m[Q} - m[A]) = m[S(1530)] - m[E(1385)]. (5.1) 
3 

These relations are in good agreement with the experimental values. The Gell-Mann-Okubo 
and equal spacing rules are recovered in the SU(3)p symmetric limit C = C$- 

6. The Charm Hyperons 

6.1 The C=l Hyperons 
6.1.1 The A J and E c Spectra 

The hitherto observed charm hyperons all have C — 1, i.e. they contain one charm quark 
and two light quarks. While the charm hyperon spectrum in many aspects is expected to 
be similar to the strange hyperon spectrum, it differs from that in the much larger number 
of narrow states, which lie below the threshold for strong decay. In the spectrum of the A 
there is only one state below the threshold for KN decay - the A(1405). In contrast all the 
7 negative parity states in the P-shell as well as the positive parity breathing resonance of 
the Ac are expected to lie well below the threshold for DN decay. This relative compression 
of the charm hyperon spectra to lower excitation energies is achieved through the flavor 
dependence, /C of the mass operator A4 . A larger contribution K reduces the repulsive 
effect of the momentum dependent terms in M.§. 

The spectra of the non-strange C = 1 hyperons depend on two additional parameters: 
the charm quark parameter Ac in (2.9) and the parameter Cq in the hyperfme interaction 
(2.20). The expressions for the energies of the states in the spectra of the A J and £c are 
listed in Tables 8 and 9 respectively. 

The hyperfme interaction parameter Cq - which in ref. was interpreted as the matrix 
element of D and D* meson exchange interactions - is determined by the mass difference 
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between the Ec and the Ec(1530) as (cf. Table 9): 



m[E c (2530)] - m[E c ] = 6C C - (6.1) 

The new value 56 MeV ± 3 MeV |19| for the mass splitting between the Ec(2530) and the 
Ec then yields Cc — 10 MeV. With this value for Cc the expression for the mass of the A£ 
in Table 8 implies that the empirical value for that mass is reached with Ac = 2.2 GeV. We 
use this value here. 

Given these parameter values the masses of all the other states in the spectra of the 
and the Ec are determined. We note the agreement of the model with the average mass 
value of of the negative parity multiplet A c (2593) + — Ac(2625) + . This multiplet is the 
charm analog of the A(1405) — A(1520) multiplet. The satisfactory simultaneous description 
of these two multiplets by the present model supports view that the former is a flavor singlet 
combination of u, d and c quarks, and the latter is a flavor singlet combinations of u, d and 
s quarks. 

At the present time no excited states of the Ec beyond the E c (2530) have been found. 
The present prediction is that the P— shell states of the Ec fall within the range 2.6 - 2.7 
GeV. This is slightly higher than the corresponding predictions in ||. The positive parity 
breathing resonances of both the Ec and the Ec(1530) are predicted to coincide with the 
lowest P-shell states. 



6.1.2 The E c Spectrum 

The hyperons with C = 1 and S = —1 are denoted Sc. In the constituent quark model 
these states are formed of one light, one strange and one charm quark. It is natural to divide 
the spectrum of the Sc into two separate sectors, which are respectively antisymmetric 
(denoted S c ) and symmetric (denoted S c ) under interchange of the light and the strange 
quark. This is in analogy with the separation of the S — — 1 hyperon spectra into separate 
A and E sectors. The structure of the S c spectrum should thus be similar to that of the A 
and that of the S c spectrum similar to that of the Ec hyperon. 

Both the E c and the S c spectra differ from those of the A and the E hyperons in that 
their entire P-shells are expected to lie below the threshold for the strong decay to DN (2907 
MeV). Their low lying negative parity states should therefore be sharp. This expectation 
appears to be confirmed by the narrow width (< 2.4 MeV) of the recently found | S c 



resonance at 349 MeV excitation | 20fl . 



The expressions for the energies of the predicted S, P and SD shell states of the Sc 
hyperons are listed in Tables 10 and 11. These energies depend on one new parameter: Csc, 
determined by the splitting between the S c and the S c as 

20 

m[S c ] - m[E c ] = -C s - 2Cc - 2C SC . (6.2) 

With the present uncertain value of the E c (2560 MeV) mass we have C$c — 5 MeV. With 
this value of C$c and those fixed previously we obtain the complete S, P and SD shell 
spectra of the E c and E s c . In ref. was interpreted as the matrix element of D s and D* 
exchange interactions between the s and c quarks. 
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The | state found in ref. at an excitation energy of 349.4 ± 0.7 ± 1.0 MeV above 



the E c was interpreted as the strange-charm analog of the Ac(2625) + | state. As in the 
present model the corresponding state is predicted to have the considerably lower excitation 
energy 269 MeV, the § state member of the spin 3/2 negative parity multiplet is predicted 
to have an excitation energy of 378 MeV, we suggest that this is the more natural assignment 
for the | state at 349 MeV excitation energy, than the use flavor singlet state. 



6.1.3 The Q c Spectrum 
The spectrum of the Q c is the only sector of the C = 1 hyperon spectrum, in which the 

o -|- 

| state in the S'-shell has yet to be found experimentally. This is expected to lie about 
30 MeV above the ground state Q c . In the present model the mass of the Q c is 77 MeV - 
i.e. by ~ 3% - smaller than the experimental value. This difference is of similar magnitude 
as that for the Q~ (66 MeV), and could of course be eliminated by slightly increasing the 
factor multiplying the parameter As in the mass operator (2.9). While this mass difference 
is relatively small, it may indicate that better energies for the excited states of the fl c would 
obtain if an amount 77 MeV were added to the calculated energies in Table 12, where the 
expressions for all the states in the S, P and SD shells of the fl c are listed. 



6.2 The E C c and VL C c Spectra 

The hyperons with C = 2 are denoted Ecc- All members of this class of particles remain 
to be discovered. As the hyperfine interaction between the 2 charm quarks in these hyperons 
is expected to be of negligible magnitude compared to that between the light quark and the 
charm quarks, their spectrum should be easier to interpret than that of the lighter hyperons. 

The present model for the hyperfine interaction (2.20), (2.19) implies that the structure 
of the spectrum of the Ecc hyperons should be similar to that of the hyperons. In the 
present model the hyperfine splittings of the Ecc spectrum are completely determined by 
the parameters C and A (2.20), (2.21). The masses of the E cc (l/2 + ) and the E* cc (3/2+), 
which form the S shell of the Ecc spectrum, are given as 



m[E cc ] = V e oi + 2A c ~ 10C = 3290MeV, (6.3) 



m[E* cc } = yj^ + 2A 2 C -AC = 3350MeV. (6.4) 

While these absolute mass values are likely to be too low by 100 - 200 MeV, the splitting 
(60 MeV) between the E C c and the E* cc is probably a realistic prediction. The bound 
state version of the Skyrme model, which typically gives realistic values for the ground state 
hyperons |]2l|, yields a mass of 3.5 GeV for the Ecc and value for the mass difference between 



the Ecc and the E* cc in agreement with the present one. 

The baryons with C = 2 and S = — 1 are denoted Q~cc- The spectrum of these particles 
can be determined directly from that of the E hyperons in Table 6. The only modification 
is that the constant Cs in the hyperfine correction has to be replaced by the corresponding 
constant Csc-, which is appropriate for simultaneous charm and strangeness exchange. The 
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masses of the Q~c C (l/2 + ) and the ^Iqc (3/2 + ), which form the S shell of the Qq C spectrum, 
are given as 

m[E& ] = + 2A 2 C + A| - IOC = 3390MeV, (6.5) 

m[Ep c ] = s/4 x + 2A C + A| - AC = 3420MeV. (6.6) 

As in the case of the E cc we expect the absolute values to be too low by 100 - 200 MeV, 
but the splitting of 30 MeV between the and the should be realistic. The Skyrme 
model prediction for these two states is in the region 3.7-3.8 MeV pifl . 



7. The Beauty Hyperons 

The present model implies that the spectrum of the B = — 1 hyperons be organized very 
much like that of the C = 1 hyperons described above in Tables 8 and 9. The expressions for 
the energies of the A° B and the E# states are listed in Tables 13 and 14 respectively. These 
expressions are obtained replacing the hyperfme parameter Cq in the energy expressions of 
Tables 8 and 9 throughout by the corresponding beauty quark parameter Cb- 

The value of the parameter Cb is determined by the empirical splitting between the Eg 
and the S B (5870) ): 

m[S B (5870)] - m[E B ) = 6C B - (7.1) 

With m(S j e) = 5814 MeV the value of Cb is 9 MeV. The beauty quark parameter Ag in 
the mass operator Aio then has to have the value 5.774 GeV in order that the A° B take its 
empirical mass 5641 MeV. Given these parameter values the energies of all the excited states 
in the spectra of the A B and the E c are determined. These energy values are listed in Tables 
13 and 14. 

Heavy quark symmetry predicts that the spin of the heavy quarks decouple from the 
light quarks, and that therefore the baryon spectrum should fall into near degenerate mul- 
tiplets with spin Si ± ^, where Si is the spin of the light quarks. Heavy quark symmetry is 
implemented in the present model if the coefficients Cj in the hyperfme interaction (2.21), 
which describe interactions between light and heavy quarks, vanish as the mass of the heavy 
quarks become infinite. The fact that the fact that the empirical splittings — m[Ec] 

and m[Ey — m[X#] are very similar indicates that the limit of heavy quark symmetry has 
not yet been reached in the charm and beauty sectors of the spectrum. 

According to the model outlined here the spectrum of the B = —1, S = —1 Eb hyperons 
should be organized in the same manner as the corresponding spectrum of the Eq hyperons in 
Tables 10-11. The energies of the states in the Eb spectrum are obtained from the expressions 
in Tables 10- 11, replacing the parameters Ac, Cq and Csc by the corresponding parameters 
As, Cb and C$b- The determination of the parameter C$b from the mass difference 

20 

m[E%} - m[E B ] = -C s - 2C B - 2C BS . (7.2) 

must await the discovery of the hyperons E S B and E S B . 
In our model the energy of the lowest E B state is 

m[E B ] = yfe + A| + A| - ^C s - 2C B - 2C SB . (7.4) 
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If the value of the parameter Csb falls in the range 0-5 MeV, expected from heavy quark 
symmetry the mass of the S% should fall in the range 5916 - 5926 MeV. This is larger by 
40 - 50 MeV than the Skyrme model prediction ||21 . 



8. Summary 

The present formulation of Poincare covariant quark models illustrates the possibility of 
satisfying all the requirements of relativistic covariance, while reproducing the good phe- 
nomenological results of conventional constituent quark models for the magnetic moments 
and axial couplings along with a good description of the known baryon spectrum. The 
emphasis in the present work is consistency with general principles and simplicity while dis- 
carding the notion of constituent quarks as a system of free particles that incidentally are 
confined in an infinite potential well. The key to the satisfactory description of the spectrum 
is a mass operator which is the sum of two commuting terms: (i) a confining mass operator 
with the basic point spectrum and (ii) a simple spin- and flavor dependent hyperfine term 
large enough to affect the level order || || . 

Observable form factors and transition amplitudes depend on two distinct features of 
a quark model that are not separately observable: (i) the wave function, which differs for 
different baryons and (ii) the quark-current structure that is the same for all baryons. Her 
we have constructed simple quark-current structures, independent of internal quark velocity, 
with instant form kinematics. These models satisfy all requirements of Poincare covariance 
We have shown that they are consistent with observed nucleon properties. Electromagnetic 
form factors and transition amplitudes of the baryons for all the states in the S, P and D 
shells of the baryons are well defined. A quantitative examination of these amplitudes is left 
to future investigations. Such investigations may indicate for configuration mixing in the 
wave functions. 
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Table 1 



Magnetic moments of the ground state baryon octet and the A ++ and Q~ (in nuclear 
magnetons). Column IA contains the impulse approximation expressions for the current 
model (3.13). Column I contains the numerical values obtained from these expressions. The 



empirical values ( "exp" ) are from refs. [11 , |12 
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Table 2 



The axial coupling constants of the baryon octet. Column I gives the expressions in 
terms of the F and D coefficients and column II the predictions for the current operator 
(3.23) (with g\ = 0.76). The empirical values are from refs. fTT| , |T8fl . 
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Table 3 

The nucleoli and A-states in the S, P and SD shells, The column e contains the eigenval- 
ues of the mass operator. The average over the multiplet of the real part of the empirically 
extracted resonance pole position is denoted EXP. The model values obtained with the mass 
operators (2.7) with the confining well (2.18) and the hyperfine interaction (2.20) are listed 
below the empirical ones. 
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Table 4 

The S, P and SD shell states in the A hyperon spectrum. The column e contains the 
eigenvalues of the mass operator. The averages over the multiplets of of the empirically 
extracted mass values are denoted EXP. The model values obtained with the mass operators 
(2.7) with the confining well (2.18) and the hyperfine interaction (2.20) are listed below the 
empirical ones. 
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Table 5 

The S, P and SD shell states in the £ hyperon spectrum. The column e contains the 
eigenvalues of the mass operator. The averages over the multiplet of the empirically extracted 
mass values are denoted EXP. The model values obtained with the mass operators (2.7) with 
the confining well (2.18) and the hyperfine interaction (2.20) are listed below the empirical 
ones. The unconfirmed unassigned low lying £(1450) and £(1560) resonances still included 



in ref. [O] have been omitted from this table. 



nKL[f\ F s[f\F[f\s 


LS Multiplet 


ri/Ar 

(model value) 


e 

V4x + Af - c 


000[3] FS [21] F [21] S 


i + 

2 


£ 




1189-1192 
(1188) 


^oo — C — 13C.5 


000[3] FS [3] F [3] S 


3 + 
2 


£(1385) 


1379 


eoo — C — 3C5 










( 1 Q TO \ 

[La (o ) 




"1 r\ r\ T 1 [c\ -1 1 [ c\ 1 I 

100[3]irs[21] F [21] s 


1 + 
2 


£(1660) 


1660-1690 


eio - C - 13C S 










(1596) 




011[21] FS [2i] F [2l] 5 


1 ~ 
2 


£(1620); | £(1580) 


1580-1640 


eoi + t> — 0O5 










(1676) 


— A(3G + 70s) 


1 r\ r\ T O I Pol Pol 

100[3J FS [3] F [3] 5 


(1 J- 

3 + 
2 


£(1840?) 


1 ^TO/~l 1 C\C\ V 

1720-1925 


eio — ^ — 










(1786) 




ni 1 [ni 1 To! [ni I 

011[21] FS [3] F [21] S 


1 ~ 
2 


£(?) 


| ,£(1670) 


1665-1685 


e i + C + 3C 5 










(1782) 


— yl(JG + 90s) 


011[21J F5 [21J F [3J 5 


1 

2 


£(1750); §-£(?) 


1 70A 1 '70A 

1730-1780 


^01 ~~ g + aCs 




5~ 
2 


£(1775) 


(1749) 


— 8ylcs 


022[3] FS [3] F [3] 5 


1 + 
2 


£(1770);| + ,£(?) 


l 740-1790 


£02 — — 005 




5 + 
2 


£(?) 




(1928) 


+3A(C + 3C 5 ) 


022[3] FS [21] F [21] 5 


3 + 
2 


£(1840?); | + , £(1915) 


1720-1937 


£02 — C — 13C*5 




1 + 
2 






(1864) 


+3A(C + 13C S ) 


020[21] F5 [21] F [21] 5 


£(18 


80) 


1826-1985 


eo2 + C — 3C5 




3 + 
2 






(1880) 


-A(3C + 7C 5 ) 


020[21] F5 [21] F [3] 5 


£(?) 




? 


eo2 — C + 3C5 




3 + 
2 






(1953) 


-8AC5 


022[21] F5 [21] F [21] 5 


£(?) 


f,E(?) 


? 


£02 + C — 3Cs 










(1971) 


-|(3C-25C 5 ) 


022[21] F5 [21] F [3] 5 


1 + 
2 


£(?) 


r,s(?) 


2025-2040 


^02 — c + 3C5 




5 + 
2 


£(?) 


f + ,£(2030) 


(1984) 


+A(3C - 5C S ) 


020[21] F5 [3] F [21] 5 


1 + 
2 


£(?) 




? 


^02 + c + 3C5 




3 + 
2 






(1986) 


-A(3C + 9C S ) 


022[21] F5 [3] F [21] 5 


£(2080); | + , £(2070) 


2051-2091 


£02 + c + 3C5 










(2014) 


-|(3C + 9C 5 ) 



22 



Table 6 

The S, P and SD shell states in the S hyperon spectrum. The column e contains the 
eigenvalues of the mass operator. The averages over the multiplets of the of the empirically 
extracted mass values are denoted EXP. The model values obtained with the mass operators 
(2.7) with the confining well (2.18) and the hyperfine interaction (2.20) are listed below the 
empirical ones. 
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Table 7 

The S, P and SD shell states in the Vl~ hyperon spectrum. The column e contains 
the eigenvalues of the mass operator. The averages over the multiplets of the empirically 
extracted mass values are denoted EXP. The model values obtained with the mass operators 
(2.7) with the confining well (2.18) and the hyperfine interaction (2.20) are listed below the 
empirical ones. 
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Table 8 

The S, P and SD shell states in the A c hyperon spectrum. The column e contains the 
eigenvalues of the mass operator. The averages over the multiplets of of the empirically 
extracted mass values are denoted EXP. The model values obtained with the mass operators 
(2.7) with the confining well (2.18) and the hyperfine interaction (2.20) are listed below the 
empirical ones. 
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Table 9 

The S, P and SD shell states in the S c hyperon spectrum. The column e contains 
the eigenvalues of the mass operator. The averages over the multiplet of the empirically 
extracted mass values are denoted EXP. The model values obtained with the mass operators 
(2.7) with the confining well (2.18) and the hyperfine interaction (2.20) are listed below the 
empirical ones. 
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Table 10 

The S, P and SD shell states in the E c hyperon spectrum. The column e contains the 
eigenvalues of the mass operator. The averages over the multiplets of of the empirically 
extracted mass values are denoted EXP. The model values obtained with the mass operators 
(2.7) with the confining well (2.18) and the hyperfine interaction (2.20) are listed below the 
empirical ones. 
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Table 11 

The S, P and SD shell states in the E s hyperon spectrum. The column e contains 
the eigenvalues of the mass operator. The averages over the multiplet of the empirically 
extracted mass values are denoted EXP. The model values obtained with the mass operators 
(2.7) with the confining well (2.18) and the hyperfine interaction (2.20) are listed below the 
empirical ones. 
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Table 12 

The S, P and SD shell states in the Vt° c hyperon spectrum. The column e contains the 
eigenvalues of the mass operator. The averages over the multiplets of the of the empirically 
extracted mass values are denoted EXP. The model values obtained with the mass operators 
(2.7) with the confining well (2.18) and the hyperfine interaction (2.20) are listed below the 
empirical ones. 
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Table 13 

The S, P and SD shell states in the A° hyperon spectrum. The column e contains the 
eigenvalues of the mass operator. The averages over the multiplets of of the empirically 
extracted mass values are denoted EXP. The model values obtained with the mass operators 
(2.7) with the confining well (2.18) and the hyperfine interaction (2.20) are listed below the 
empirical ones. 
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Table 14 

The S, P and SD shell states in the S fe hyperon spectrum. The column e contains 
the eigenvalues of the mass operator. The averages over the multiplet of the empirically 
extracted mass values are denoted EXP. The model values obtained with the mass operators 
(2.7) with the confining well (2.18) and the hyperfine interaction (2.20) are listed below the 
empirical ones. 
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Figure Captions 

Fig. 1. The ground state wave functions Uqo(R) for the confining models (2.17) (os- 
cillator) and (2.18) (funnel) as functions of the radius R. The wave functions have been 
calculated with the parameter values described in section 4.1. 

Fig. 2a The proton charge form factor of the funnel model (solid line) compared with 
data |§. The dash-dot and dash lines show the form factors of the funnel and oscillator 
models with point-quark charge distributions. 

Fig. 2b The neutron charge form factor of the funnel model (solid line) in comparison 
with an empirical fit || (dashed line). 

Fig. 3 Proton and neutron magnetic form factors of the funnel model compared to 
empirical fits (dashed lines). || 
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